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ROM many propoſitions diſperſed through 
the writings of the ancient geometers, and 
more eſpecially from one whole treatiſe, it 
appears, that the proceſs, by which they 


joveſtigated the ſolutions of their problems, was for 


the moſt part the reverſe of the method, whereby 


they demonſtrated thoſe ſolutions. But what they 


have delivered upon the tangents of curve lines, and 
the menſuration of curvilinear ſpaces, does not fall 
under this obſervation; for the analyſis, they made 
uſe of in theſe caſes, is no where to be met with in 


their works. In later times, indeed, a method for 
inveſtigating ſuch kind of problems has been in- 


troduced, by conſidering all curves, as compoſed of 
an infinite number of indiviſible ſtreight lines, and 


curvilinear ſpaces, as compoſed 1 in the like manner 


of parallelograms. But this being an obſcure and in« 
REO conception, it was obnoxious. to error. 


SIR Iſaac Newton therefore, to avoid * laber | 
fection, with which this method of indiviſibles was 


juſtly charg'd, inſticred-an: analyſis for theſe pro- 
blems upon other Principles. Conſidering magni- 
tudes not under the notion of being increaſed by a 


repeated acceſſion. of parts, but as generated by a. 
continued motion or flux; he diſcovered a me- 
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s INTRODUCTION. 
| homogeneous magnitudes increaſe, and thereby has 
taught an analyſis free from all obſcurity and indi- 

— hmmm Seahuend 


Mos Eove to facilitate the demonſtrations for 
theſe k inds of problems, he invented a fynthetic forms 
of reaſoning from the prime and uſtimate ratios of the 
contemporaneous augments, or decrements of thoſe 
magnitudes, which is much more conciſe than the 
method of demonſtrating uſed in theſe caſes by the 
ancients, yet is equally diſtin&.and concluſive... © 


Or this analyſis, called by Sir Iſaac Newton Hit 
method of fluxions, and of his doctrine of prime and 
ultimate ratios, I intend to write in the enſuing diſ- 
courſe. For though Sir Iſaac Newton has very di- 
ſtinctly explained both theſe fubjects, the firſt in his 
treatiſe on the Quadrature of cutves, and the other in 
his Mathematical principles of natural philoſophy ; 

| yet as the author's great brevity has made a more 

diffuſive illuſtration not altogether unneceſſary ; I 
have here endeavoured. to conſider more at large 
each of theſe merhods,, whereby, 1 hope, ir wil 
appear, they have all the accuracy of the ſtricteſt 
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nitudes are not preſented to the mind, as 
compleatly formed at once, but as riſing 
<A..-gradually' before the imagination by: and mo 
ton of ſome of their extremies:" J TETS 
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xd outgrady- | Loreen PUGH $/244 fp 05/4, t2) 
ho Ar to B, either: with: Code ens mich or 
with à velocity in any manner varied. And the 
velocity, or degree of ſwiftneſs, with which this 
Point moves in any part of the line A Me is _ 
| me arion af this line ar chat Place. : 
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has paſſed the point A, a ſpace bounded on all ſides 
vill begin to appear between theſe three lines, 
inſtance, when D E 1s 
moved into the ſitua- 
tion FG, theſe three 
lines will include che 
ſpace AFH. Here 
it is evident, that this 
ſpace will increaſe fa- 
ſter Or flower, 5. 55 D A. 
cording to the deere 
of velocity, where - 
with the line DE mall 
move. It is alſo evi- 
dent, that though the 
line DE ſhould move 
with an even pace, th 
ſpace A F H wool: 
Fee 
creaſe equably , but 1; * Nin . 
where the line A 2 was fartheſt diſtihe From AB 


the ſpace A EH would! inoreaſe fuſteſt. Now the! 


velocity or celerity, 1whevewith "the ſpate K F H 
at all times 1 is called the 3 2 4 of „r 
e } | B A 1 2211 105 415 0 41 5 A * 
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| Moan 15 is obvious, that the eien e 
the ſpace augments, is not to be underftobd lite.” 
rally the degree of ſwifeneſs, with which either the? 


to the curve actually moves 3 but as cis pace, while 
rity; 


the line F G moves on unifor 


line F G, or any y other line or point Frcs wht 
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or FLUX ION. 1 
applied i in a figurative ſenſe to denote the degree, 
herewith this augmentation in every part proceeds. 


Bir we may diveſtthe confiderition of the fluxi- 
on of the ſpace from this figurative phraſe, by cau- 
| a point ſo to paſs over any ſtreight 55 IK, 
that the length TIL” meaſured out, while the line 
D is moving from A to F, ſhall augment in the 
ſame proportion with the ſpace A F H. bes 
this line being thus deſcribed faſter or 54 in 
the fame proportion, as the ſpace' receives its aug- 
mentation; the” velocity. or degree of ſwiftneſs, 
wherewith the Point deſeribing this line actually 
moves, will mark out the. degree of celerity, where 
with the ſpace every where increaſes. And here 
the line I L will preſerve always the ſame analogy 
to the pace A FH, 2 5 much, that, when the mn 
il 1 be to 11. in the. ' proportian. of che ſpac act 
AMN to che fpace AF H, the fluxion of the ſpace 
at MN will be to the fliticion thereof. at H, as 
the velocity, wherewith the point deſcribing. he 
line LK moves at P, tö the velbcity of the ſame 
at L. And if any 5 ARS J be deſcribed 
along with the form he like motion, and ar 
the fame time «le, that, the portion VX. 
ſhall always have to the 18805 I L. e ſame propor- 
tion, as the ſpace QRST bears to the ſpace A FH; 
the fluxion of this latter ſpace at T'S will be t the 
_ flndioubf the forffler at Fl „as the velocity, "er 
with the line VW is deſcribed at X, to the velocity, 


wherewith I K is deſcribed at L. It will hereafter . 


appear, that in all-cheiepplications of flux ions to geo. 
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- thing more is neceſſary, than to determine the.ye- 
| lociry, wherewith ſuch lines as theſe are deſcribed . 
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In the ſame manner may a ſolid ſpace be coneei- 
ved to augment with a continual flux, by the mo- 
tion of ſome plane, whereby it is bounded ; and 
the W ba of 1 Its ee (yhich may be eſti · 
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doctrine never requires any determinate degree of 
velocity to be aſſigned for the fluxion of any one 
fluent. And that the proportion between the fluxi- 


ons of magnitudes is aſſignable from the relation 


known between the magnitudes themſelves, I. now 


n to ſhew. 
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IN the firſt place, let us ha two lines ABand + 


ED obe e --:2 
Ireen „ 
ther by two 6 5 | 

Pts, one" Qu WEL 2 
ſetting. out Tx 


from A, and the A IE from C, and to move in Web ; 


manner, that if A E and CF are lengths deſcribed 
in the ſame time, CF ſhall. be analogous to ſome 


power of AE, that is, if AE be denoted by the 
letter x, then CF ſhall always be denoted by —— 


where a repreſents ſome given line, and u any num- 
ber whatever. Here, I ſay, the proportion be- 
tween'the velocity of the point moving on AB to 
the velocity of chat moving on CD, is at all times 
Ng 
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Fo a let any. other ſituations, that theſe moving 
points ſhall have at the ſame inſtant of time, be ta- 
en, either farther advanced from E and F, as at 


8 and H, or ſhort of the ſame, as at I andK ; 
chen if EG be denoted by e, CH, the length 
paid over by the point moving on the line CP, 
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oy By ein be expreſſed 7 ty if El be 


denorad by e, CK, the length paſſed over by the 
Point moving on the line CD, while the point mo- 


Ving in Ah has got only to I, will be denoted by 


| <A or e each of theſe terms into a 
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while the line AB is deſcribed with a uniform mo- 
tion, the point, wherewith CD is deſcribed,” moves 
with a Ed, ues continually accelerated; for if 1 E 
be equal to E G, FH will be greater than KF. 


"Nom, here, * 3 „ N neither the p pipe 

vi of FH to E G, nor the proportion of K 

t IE is the proportion of the velocity, which che 

Joint moving on CD has at F, to the uniform 
velocity, 
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velocity, wherewith the point, moves on the line 
AB. 2 2577 white. that point 18 advanced from. E 
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H, and has moved through what ſpace with a 
velocity continually accelerated; therefore, if it 
had moved during the fame interval of time wih 
the velocity, it has at F, uniformly concinued,: ic 
would not have paſſed over ſo long a line; c. 
ſequently FH bears a greater proportion to EG, 
than what the velocity, which the point moving 


Cp has ar F, bears 16 the velocity of th Point 
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moving unit Von AB. 
I like manner K P bears E a 14 propor- 
tion than-thaty which the, velocity of the point in 


.CD has at F, m the. velocity of that in AB. Fer 


as che point in CD, in moving from K to F, pre 
ceeds with a velocity continually accelerated with 
che velocity, it has acquired at F, if uniformty con- 
tinued, it would deſcribe in we, ſame ce 
x Une longer than KF. a ** 05 Hue 
I the lat place 1 fay, 1 5 
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tell hy che e tem of th b. ves wn 
chevcam 3 will bear to the line denoted 


A- wy 


by #> the fame proportion, _ the Tock, 8 2 | 


with the point moyes at F, bears to the nology of 
5 moving in the line A I d 


, 


city at een ui Eee. to e, __ 
Is 


* — — — * A - — 
— e 9 NN F 


6 8 1 * 4 Y 
r Ee a 
Bb * n 
74 24 5 9 \ 
g * 9 
A. P 
* * 


2 a 
TW 1. * 1 


7 
1 . * 3 * 5 2 WR " : EO 
- SIE RB Ai Eo ek. Ss © Es — 3 * 
r i * RE OR * 
N * A 5 5 


can be propoſed. Therefore let the ratio of 


hd Po Lou HIT e 
K voy 9 * 


ä er. "thn, © i —— * e bee 


— 


Go „ Or FL U X rox. 
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at F to the velocity at E, which is abſurd; for it 
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"AGAIN, i in the three "ax AB, CD, EF, 
where the Sos” A, C, E are given, let us ſuppoſe. 

„H and Ito be three contemporary poſitions of 
t c points,” whereby the three lines AB, CD, EF 
are reſpectively deſcribed; and let the motion of the 
point deſcribing the line E. F be fo regulated with 
a o * pen of the other two points, 5 
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In thefirſt place ſuppoſe them to move the ſame 
way,” advancing forward from A and C; and ſince 
Kg given line forms with ET a rectangle equal to 

under AG and CH, ſuppoſe | TxET 

=A Gx. CH : then, if K, 1 M are contempo- 
rary poſitions of the points moving on the lines AB, 

CD, EF, when advanced f forward beyond G, H and 

z and N, O, P, three other contemporary po- 

' Grions of the fame N before they are arrived at 


G, H and I; QT EM will alſo be AK Xx CL, 
4 QTxEP=ANxCO; therefore the rect- -. 


angle under IM (the differepœ of e lines EI and 
E M) and QT will be HI CHxGK, 
and 3 =AN x HO+CHx TGN. 


Hg © 4 . 2 


He L the proportiorof rhe velociry;which the 
point moving on AB has at G, to that, which the point 


moving on CD has at H, may either keep always 


che Gme, or contiaually vary, and one of theſe ve - 
locities, ſu 255 that of the point moving on the 


line CD, n the other a propꝑrtion gradually 
augmenting; that is, if NG and G K are equal, 


HL. hall either be Ps to OH or greater. Here, 


ah; POT CON” 
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line A B, when at G: and the line PI will have a 
leſs proportion to NG, than the velocity, which 
the point moving on che line E F, has at I, to the 


velocity, which the point n. on the line 08 
has at G. ey 


"Mow let * be to 8 as the kn which the 


point moving on AB has at G, to the velocity, 


which the point moving on CD has at H; then I 
ſay, that the velocity, which the point moving on 
EF has at I, will be to the velocity, which the 


point moving on AB has at G, as 885588 


+CHxR w R. - 
gps "Oe 8 NE 3 * 
mn Oe MET 00 TY 
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bs oflible let the velocity, which che point moving 


F has at I, be to the velocity, which the point 


5 moving AB has at G, as AGx S＋CHxR to 


0 wulle R and fore ins Q les than 


as rept 1 I 
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will AGx$+CHxRbetoRxQV as AGxW 


+CHxGKto:QVx GK. Here, becauſe the 


of the velocity of the point moving onthe line C Deo 


the velocity of the point moving onA B either remains 
conſtantly the ſame, or gradually augments, W is 
sicher equal to HI, or leſs; but when it is leſs, by 
diminiſhing HL the ratio of W to HL may be- 
come greater than any ratio, . that can be pro 

Hort of the ratio of equality. The like is true of 


the ratio of A G to AK by che diminution of 


GK. Therefore let G K and HL be fo diminiſh- 
ed, that the ratio of AGxW to AKxHL ſhall 
be greater than the ratio of QV to QT ; then the 
ratio of AGxW+CHxGK to AKxHL 
| +CHXxGK, that is, to QT xIM is greater 

than the ratio of Q wo QT or of QVxIM to 
QTxIM; therefore AGxW +CHx GK is 
greater than QVXIM; and the ratio of AGxW 
+CHxGK: to QVxGK is greater than the 
ratio of QVx IM to QV xX GR, or of IM to 


GK; but the ratio of IM to GK is greater than 
that of the velocity, which the point moving on EF 


has at I, to the velocity, which the point moving 
on AB has at G; therefore the ratio of AG x W 
 +CHxGK to QVxGRK, or chat of AGxS 
+ CHxR to QV x R,ftill more exceeds the ratio 
of the velocity at I to the velocity at G; and con- 
ſequently the ratio of the velocity at I to the velo- 
ety at G „ that 1 29 75 
5 . ** to V R. 


Sasa ns e eee 
| e e ene be to the velocity, 
Sg a - which 


- Bs 5 ww od ws QxXz * 


. 


AG>xS+CHxR to the — under R nnd 


ſome line Q greater than QT. 
; Hex let X be to NG as 8 to R; then will 


AGxS+CHxR be to RX QX as AGxY 
+CHxNG to QX x NG. But Y will be eicher 


greater than H O, or equal to it, and when greater, 


by diminiſhing H O, the ratio of Y to HO may 


become leſs than any ratio, that can be propoſed, 


greater than the ratio of equality. The like is 


7M . _B 
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E ä M FT 
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true of the ratio of A G to AN by the diminution 
of NG. Therefore let N G and H O be fo dimi- 
niſned, that the ratio of A Gx I ro ANxHO ſhall 


be less chan the ratio of QX to QT); then the 


ratio of AGxY+CHxNG to ANxHO 


+EHx NG, that is, to QT xIP, is leſs than the 
ratio of 8 to r or of QXx1IP * 
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which the point moving on AB has at G, as 


4 8d Or FLUXIONS. 
QT xIP. Conſequently AGxY + CHxNG 
is leſs than QXxTIP, and the ratio of AGxY 
+ CHxNG to QXxNG is leſs than the ratio 
of QXxIP toOQXx« NG,or of IP to N G. But 

the ratio of IP to NG is leſs than that of the ve- 
locity, which the point moving on E F has at I, to 
the velocity, which the Point moving on AB has 
As Therefore the ratio of AGxY +CHx NG 
to QX NG, or that of AGxS +CHxR to 
QNX R, is alſo leſs than the ratio of the velocity 
at I to the velocity at G. Conſequently, the ratio 
of the velocity at Ito the velocity at G is not 
leſs than that of AGxS+CHxR to QT xR. 


x 


backwards rogether, the velocity at I will be the 


ſame, and the demonſtration will proceed in like 
manner. 


CD, recedes, while the other on AB advances for- 
ward, take in CD any fix'd point at pleaſure Z; 

then the point on CD in reſpe& of Z moves alſo 
forward. Again, take inthe line EF, ET to AG 
as CZ to QT; then AGxCZ is = QT XET; 

and AGxCH being = QT xEI, AGxHZ 
will be=Q:T x TI; and by the preceeding caſe 
AGxS+ ZHxR will be to QT x R as the ve- 


rates from P, when at I, to the velocity, which 
the point moving on AB has at G. But as AG 


= be i in | motion, and the velocity of the point T 


Ir the points deſcribing AB and CD move 


Bur x one of the points, as that moving on 


locity, wherewith the point moving on E F ſepa- 


1s continually increaſing, and E 1 keeps always i in 
the ſame j proportion to AG; the point F will it- 


„ will 


a 1 t IU). pnpd land 1 3 
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than CZ x R, or AGxS greater than CH R; / 


T moves, that is, when CZxR is greater than 
AGxS+ZHxR,;or AGxS leſs than CH - 
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will be to the velocity at G, as the line ET to 
AG, that is, as CZ to QT, or as CZ x R to 
QTxR; therefore the velocity, wherewith the 
point moving on E F, when at I, ſeparates from P, 
being to the velocity of the point moving on AB, 


when at G, as AGxS+Z HxR to QTxRz 


the abſolute velocity, which the point moving on 
EF has at I, will be to the abſolute velocity, which 
the point moving on AB has at G, as AGxS 
OCHxR to QT R; moving backwards, when 
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it ſeparates from F ſwifter than "the point P- wilt 1} 
moves, that is, when A. GxS + ZH x R is greater 


and when the point moving on E F, at I ſeparates 
from T with a flower motion, than that wherewith 


on 1985 n on res at 1 e e * 
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WE have in our Jeincnfiracdons only confidered | 
the fluxions of lines; but by theſe the fluxions of 


all other quantities are determined. For we have 
already obſerved, that the fluxions of ſpaces, whe- 
ther ſuperficial or folid, are analogous to the velo- 
cities, where with lines are deſcribed, that augment 
in Spe fame POR with fuch 1 | 


THUS we have attempted to prove the truth 
of the rules, Sir Iſaac Newton has laid down, for 


finding the fluxions of quantities, by demonſtra- 


ting the two caſes, on which all the reſt depend, af- 
ter a method, which from all antiquity has been 


allowed as genuine, and univerſally acknowledged 


to be free from the leaſt ſhadow of uncertainty, 
WE mall hereafter endeavour to make manifeſt, 


that Sir Iſaac. Newton's own demienſtrations are ; 


equally juſt with theſe, we have here exhibited, 
But firſt we -ſhall prove, that in all the applica- 


tions of this doctrine to the ſolution of geometrical 
Problems, no other conception concerning flux ions 


is neceſſary, than what we have here given. And 


for chis end it will be ſufficient to ſnew, how fluxi- 


ons are to be ay + ge to the drawing of tangents to 


curve e v to e N eee . ane | 


_ 
1 F upon A Hine AB b beerertel A king * ano- 


ther ſtreight line A C, and it be put in motion 


5 ypob. the line AB” TT B AY; always w_ 


422) = RQ@ nv 


any manner 
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rallel to itſelf, and proceeding on with a uniform 


velocity : if 
a point alſo 
moveson the 
line A C with 


a velocity in 


regulated; 
this point 


will deſcribe n d r N B | 
within the angle under CAB ſome third line DE, 


which will be a curve, unleſs the point moves in the 
line A C likewiſe with a uniform motion. 


Har, 1 fay, the line AC being advanced to 


any fituation F G, by what has already been writ- 
ten on the nature of fluxions, without any adven- 


 titious conſideration whatever, a tangent may be 


aſſigned to the curve at the point G. 


Wu x the point moves on the line A C with, 
an accelerating velocity, the curve DE will be con- 
vex to the abſciſſe DB. Now if two other ſitua- 


tions HI and K L of the line AC be taken, one 
on each ſide FG, and M G N be drawn parallel to 


AB; while the line A C is moving from the ſitua- 
tion HI to FG, the point in it will have moved 
through the length IM, and while the fame line 
AC moves from FG to KL, the point in it will 
have paſſed over the length NL. And ſince the 
point moves with an accelerated velocity, IM will 
be leſs, and N I. greater than the ſpace, which 


would have been deſcribed in the 07 time by rhe, 


velocity, the point has at Ge 


LET 


7 
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LE IT FO be taken to FG in the proportion of 


ttuthe velocity, wherewith the r F moves on che | 


line AB, to the 
velocity, which 
the point moy- 
ing on the line 
FP has at G, 
and the ſtreight | 
line OG Q be 
drawn, cutting . | 


| K 

II in "© KL in 85 = FH will be to 
MR, and FK to NS in the ſame proportion. 
Thefefofe from what has been ſaid above, MR 
will be greater than MI, and NS leſs than NL; 

ſo that the line O Q, which unites with the curve 
- at the point G, lies on both ſides the point G, on 
the ſame ſide "of the curve; that is, it does not 
croſs, or cut the curve (as geometers 0 bur. 
touches i it t only at the point Gf 


Wu x the point moves on the line AC with 

a velocity gradually decreaſing, the curve will be 
concave towards the abſciſſe; but in this caſe the 
method of reaſoning will be full che ſame. a 


Ix the curve DE be the G . che 
latus rectum being T, and TxFG=DFg, or 


| FG= = 1 „ 3 the ron of DEF will be to the 


fluxion of . ( chat i, r 


T to 2DE; and OF is to FG i in the ſame 


rtion of T DF, or of DE. to 2FG, 
and OF io half F 
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8 IN like manner by the conſideration of theſe ve- 

tocities only may the menſuration of curvilinear 

ſpaces be effected. ; 
S uv y PosE the curvilinear ſpace AB C to be gene- \ 

rated by the parallel motion of the lineBC upon the 

line A D with a uniform velocity, within the ſpace 
5 comprehended between the ſtreight line AD and 
0 | | 
. 
E 
e 
n 
ot. 
ar, 
th Ks 
be 
he 
he 
Or; j 
he 
as 
me the curve line AZ; and let th 
G, e curve line z and let the parallelogram 
A AEFB be generated with it by the a e 
i BF acempanying BC, Suppoſe another paral- 
IN 85 | ; | $5 ' 5 lelogram . 8 


S: 
— 2 - 
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elogram G HI Kto be generated at the ſame time by 
the motion of the line G H equal to AE or -B F, infiſt- 
ing on the line GL in an angle equal to that under 
ChD; and let the motion of & H be fo regulated, that 


the parallelogram G HI K be always equal to the 


curvilinear ſpace AB C. Then it is evident, by 


what has been faid above in our explanation of the 


-nature of fluxions, that the velocity, wherewith 
the parallelogram E A BF increaſes, is to the ve- 
locity, wherewith the parallelogram GHIK, or 
wherewith the curvilinear ſpace ABC e n 
as the velocity, wherewith the point B moves, to 


the velocity, wherewith the point K moves. 


Now I fay, the velocity of the point Bi is to 


the velocity of the point K as BF to B C. 


1 Sur pos the curve line AC 2 to recede far- 
ther and farther from AD; then it is evident, that 
while the parallelogram E AB F augments uniform- 


ly, the curvilinear ſpace ABC will increaſe faſter 


and faſter ; therefore in this caſe the point K moves 


with a a velocity continually accelerated. 


HERE, if poſſible, ſuppoſe the velocity of the 
point B to bear a leſs proportion to the velocity of the 
point K, than the ratio of BF to BC; that is, let 
the velocity of B be to the velocity of K, as BF to 


ſome line M greater than BC. Then it is poſſible to 
draw within the curve A CZ towards D a line, as 
ON, parallel to BC, which, though it exceed BC, 


ſhall be leſs than M; and will the ratio of the * 


city of the point B to the velocity of the Point K, 


U mor Croke ad a 


264 2, = 5 wo- my 
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be leſs chart the ratio of BF to NO, or than the 
ratio of the parallelogram BP to the parallelo- 
gram BO; therefore ſtill leſs than the ratio of the 


| parallelogram B P to the ſpace BCON. Farther 


let the parallelogram KI R be taken equal to the 
ſpace BCON, then will the point K have moved 
ae K to Kin: Mas time, that 15 Fat B * 


ons Frans Bro N. 5 Now the S BP 
is to the parallelogram K R as BN to K Q that is, 
as the velocity, wherewith the point B paſſes over 
BN, to the velocity, wherewith | K Q would be 
deſcribed in the 72 time with a uniſorm motion. 
But as the point moves wich a velocity con- 

| | _— 
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26 Or FLUXIONS. 
tinually accelerated, its velocity at K is leſs than 
this uniform velocity now ſpoken of; therefore the 
velocity of the point B bears a grelter proportion 
to the velocity of the point K than the parallelo- 
BP bears to the parallelogram K R; that is, 
n the arallelogramB P bears to the ſpace BCON; 
but the firſt of theſe ratios was before found leſsthan 
the laſt ; which involves an abſurdity. Therefore 
the velocity of B bears not to the velocity of K a 
leſs proportion than that of BF to BC. 


dene i roms, ten Vi 


PETE LES 
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of BF to BC, that is, the proportion of BF to 
ſome line S leſs than BC; and let the line T V be 
drawn parallel to CB, and greater than S, and the 
parallelogram T B be compleated. Here the ratio 
of the velocity of the point B to the velocity of the 
Point K will be greater than the ratio of BF to 
TV, or than the ratio of the parallelogram BW. 
to the parallelogram BT, therefore ſtill greater 
than the ratio of the parallelogram B W to the cur- 
vilinear ſpace VT CB. Now if the parallelogram 


XII K be taken equal to the ſpace VT CB, ws 


the point deſcribing the line GL may have move 

from X to K, while VT has moved to BC; ſince 
the parallelogram B W is to the parallelogram X 
as VB to XK, that is, as the velocity, wherewith 
the point B has paſſed over VB, to the velocity, 


wherewith X K would be deſcribed in the ſame tine 


with a uniform motion, the velocity of the point 
B bears a leſs proportion to the velocity of the point 
K, than the parallelogram B W bears to the paral- 


lelogram X I, becauſe X K is deſcribed with an 


accelerating velocity: that is, the velocity of the 


point B bears a leſs proportion to the velocity of the 


point K, than the parallelogram B W bears to the 
ſpace VTCB. But the firſt of thoſe ratios was 


| before found greater than the laſt. Therefore the 


velocity of B does not bear to the velocity of Ka 


| greater proportion than that of BF to BC. 


Ir the curve line ACZ were of any other form, 


. the demonſtration. would ſtill . in the ſame 


manner. | 1% 
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H ENCE it appears, that nothing more is neceſ- 


fary towards the menſuration of the curvilinear ſpace 


ABC, than to find a line GK ſo related to AB, 


that, while they are deſcribed together, the velo- 
city of the point, wherewith AB is deſcribed, ſhall 


bear the ſame proportion at any place B to the ve- 


locity, wherewith the point deſcribing the other 
line GK moves at the correſpondent place K, as 
ſome given line AE bears to the ordinate BC'of 
the curve ACZ. 


T HE 3 of finding fuck lines is the ſüb⸗ 5 


ject of Sir Iſaac Newton's Tracie Bw the Qua- 
| drature of Curyes. . | 


Fon example, if ACZ be a conical AY 
as before, and TX BC = ABgq; taking GK = 
8 x the parallelogram HK = = = 
$ABxBC, is equal to the ſpace . ABC; for G K 


being equal to n the fluxion of GK or 


| the velocity, Ae it ĩs deſcribed at K, will be 
to the A of AB, or the velocity, wherewith B 


moves, as T. 0 or BC to on or bem 


1 Av 1 N G aki! as 255 e conceive, e, ſufficiently 
explained, what relates to the proportions between 
the velocities, wherewith magnitudes are generated; 
nothing now remains, before we proceed to the ſe- 


cond Part of our ** deſign, but to conſider 


the 


Yv 


the variations to which * velocities are ſub- 
5 5 | | 


WHEN fluents are not augmented by a uni- 
form velocity, it is convenient in many problems 
to conſider how theſe velocities vary This varia- 
tion Sir Iſaac Newton calls the fluxion of the fluxi- 
on, and alſo the ſecond fluxion of the fluent; di- 
ſtinguiſhing the fluxions, we have hitherto treated 
of, by the name of the firſt fluxions. Theſe ſecond 


fluxions may alſo vary in different magnitudes of 


the fluent, and the variation of theſe is called the 


third fluxion of the fluent. Fourth fluxions are the 


changes to which the third are ſubject, and ſo 
on “. 


A's the two fluents A E and GE, whoſe fuzichs 


we compared at page 7, &c. where A E being deno- 


ted by ern 22 * 
was equal to n * 
4 * „andthe 4 . 1 5 N 
Axa cf AE Nad * fi 9 


bore to the fluxion of CF the proportion of an—1 
to n Here it is evident, that the antecedent 
ai of this proportion being a fix'd quantity, and 
the conſequent ai a variable one; the fluxion 
of AE does not bear to the fluxion of C F always 
the ſame proportion. If n be the number 2, the 


fluxion of AE! is to the fluxion of CF : as 4 to the | 


5 waste (feilicet primarum) n 5 mutationes ma- 
80 aut minus celeres fluxiones ſecundas e * &c. Pu 
ar. W I Ne 1M 


variable 
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variable quantity 2ͤ and if » be the number 3, 
the fluxion of AE to that of CF will be as a* to 
3x*. Therefore if A E be deſcribed with an uni- 
form velocity, when # is any number greater than 
unite, C F is ſo deſcribed with a velocity continually 
accelerating, that when # is == 2, this velocity aug- 
ments in the ſame proportion as CF itſelf increaſes; 
and when u is == 3, it augments in * of 
chat ne "Es: 4508 


H PRE chereſons' we e, that while one quan- 
tity flows uniformly, the other is deſcribed with a 
varying motion; and the variation in this morion 
is called the 1 2 flaxion of this quantity. 


11 


1 T is evident farther, that i in this inftance, when 
vis = 2, the variation of the velocity is uniform: 
for the velocity keeping always in the fame propor- 
tion to x, while x increaſes uniformly, the velocity 
muſt alſo increaſe after the ſame manner. But when 2 
is =3 ; ſince the velocity is every where as x, and æ 
does not increaſe uniformly ; neither will the velo- 
city. augment. uniformly, So that it appears by this 
example, that the variation in the velocity, where- 
with magnitudes increaſe, may alſo vary, and this 
m is FS the. third fluxion of rhe W. 
tude. 8 


{Ir * the ſame manner may the Ec Hog = the fol- 
lowing orders be conceived ; each order being the 
oc. variation found in the preceeding one. And the 
_-confic ration of velocities thus perpetually varying, 
ia Weir variation itſelf chariging, is a uſeful ſþe- 
calation; for —_—_ if not all, * bodies, we have 
Adina r any 
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any acquaintance with, do actually move . ve- 


| . thus e! 


A sro 9 8 for inſtance, in its direct fall towards 
the earth has its veloci ty perpetually augmented 3 
and in Galileo's Theory of falling Bodies, when 
the whole deſcent is performed near the ſurface of | 
the earth, it is ſuppoſed to receive equal a 
tations of velocity in equal times. In this caſe 
therefore the velocity augments uniformly, and the 
ſecond fluxion of the linedeſcribed by the falling bo- 


dy will in all parts of that line be the ſame; ſo that 


third fluxions cannot take place in this inſtance; 
ſince the variation of the velocity ſuffers no change, 
but is . where uniform. 


280 7 if che ſtone be ſuppoſed to have its gravity 
at the beginning of its fall leſs than at the ſurface 
of the earth, the variation of its velocity at firſt 
will then be leſs than the variation at the end of 


its motion; or in other words, the ſecond fluxions 
in the beginning and end of its fall would be une - 
qual; conſequently, third fluxions would here take 
place, ſince the variation would be ei, as che 


n in its breche the earth. 


. ſtone i in this laſt ;nflance then not 95 
moves with a; velocity perpetually varying, as in 


the preceeding example, but this variation conti- 
_ nually changes. In the true theory of falling bo- 
dies, neither this laſt variation nor any ſubſequent 
ane can euer be uniform; * We e 


= _ here Fay . 455 
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Tun fame is true of 5 motion of the planets 
in their elliptic orbs; of the motion of light at the 
confines of different mediums, and ny n makign 
fall nee N 


HV N ſhort, an uniſorm 8 velocity is 


not to be met with in any of thoſe bodies, that 
fall under our .cogniſance; for in order to continue 
ſach a motion as this, it is neceſſary, that they 
ſould not be diſturbed by any force whatever, either 
of impulſe or reſiſtance; but we know of no ſpaces, 
in which at leaſt one (of. theſe. mt; 0 va Wen 


_— operate? N e 963 volt 


'S e 25 5 Y 


HAVING: this unt coneep- 


tion of ſecond, third, and following flux ions; and 
having ſhewn, that they are applicable to the cir- 
cumſtances, which do really occur in all motion, 


we are acquainted with ; we will now FATE ta 


3 118 n of en- ir: 
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AND! in he firſt FINS Pe tinkions' may 700 


compared together, as follows. Suppoſe any line 
to be fo deſcribed by motion, that it always pre- 


ſerve the ſame analogy: to the firſt fluxjon of any 
: magnitude ; I hen 29 velocity, wherewith this line 


be analogous to tie ſeond: Audition) of. thi aforeſaid 


magnitude. For it is evident, that this line will 


| perpetually alter in magnitude in the ſame propor- 
tion, as the den, to n it is ee va; 


— 


vr ros 
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- SuPpPpose AB to be a fluent deſcribed with a 
varying motion; the ſecond fluxion at any one point 


© maybe com ( „ 
red Sich che feen! 
fluxion at any x, G@ ic 1 


other point D, by 
caufing the line E F to be deſcribed by the motion 
of a point, ſo as to keep always the ſame analogy to 
the firſt fluxion of the fluent AB. Suppoſe E G 
be to EH, as the firſt fluxion at C to the firſt 
fluxion at D; then the ſecond fluxion at C vill be 
to the ſecond fluxion at D, as the firſt fluxion of the 


Une E at G, to the firſt fluxion of the ſame at H. 


0 x like manner, if another fluent I K be genera- 
ted along with the former fluent AB, and alſo de- 
ſeribed with a va- 1. 


riable motion; the — ĩſ— 


ſecond fluxion of 


this latter fluent EEE 2 | * a 


| RE” hs 


IK at any place L may be compared with the ſe- 


cond fluxion at any part of the former fluent A B, 


by deſcribing the line MN with ſuch a motion, as 
always to preſerve the ſame analogy to the firſt 


fluxion of the fluent IK, as the line E F bore to the 


firſt fluxion of AB. Suppoſe MO to be to EG, 

as the. firſt fluxion of I K at L to the- firſt fluxion 
of AB at C; then the ſecond fluxion at L will be to 
the ſecond Auxion, at C, as the velocity, wherewith 
the line MN is deſcribed at O, to the wen 
wherewich l W Wi delete . 1 5 
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Ix the ſame manner if a line be deſcribed ana- 
logous to the ſecond fluxion of any magnitude, the 
fluxion of this line will expreſs the third fluxion of 
that magnitude, and ſo of all the other orders of 
fluxions. 1 15 „ be 


. IN the gent place the relation, in which tho 
ſeveral orders of fluxions ftand with regard to each 
other, will appear by the following propoſition. | 


Luxx the line AB be deſcribed by the motion 
and let a ſeries of lines be adapted to this line AB 
in ſuch manner, .that the point D, moving upon 
the firſt line of this ſeries at the ſame time with tho 
point C, may ever terminate a line E D analogouy 
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to che velocity of the point E; the point F at the 


— Garnegime rerminaring upon theſecond line ofthis ſg. 
ries a line G F analogous to the velocity of the point 
D; and H I upon the third line being by the motion 


x. 4 
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of the point T made ever oo. mg to the r 
of the Point EF; &c. 


"Bp now another line K L be deforibed by the mo- 
tion of the point M, and if a ſeries of lines be a- 
dapted to this line K L in the like analogy by the 
motion of the points N, O, P, ſo that QN be to 
ED as the velocity of the point M to the velocity 


of the point C, RO to GF as the velocity of the 


point N to that of the point D, and SP. to HA 
as the velocity of the point O to that of F; I ſay, 
that if the ve ocity of the point C has to the velo- 
City of the point M always the ſame proportion at 
equal diſtances from A and K, that then the ve- 
locity of D to that of N will be in the duplicate of 
that proportion; the velocity of F to that of O in 
the triplicate of that proportion ; the velocity of I 
to that of P in the quadruplicate of that proportion, 
and ſo on in the ſame order, as far a as theſe © Eten of 
lines are extended, 


06 » the velocity of the point C be 1 | 
do the velocity of the point M, as the line T to the 


line V, when theſe points are at equal diſtances 
from A and K. Then, ſince the times, in which 


qual lines are deſcribed, are reciprocally as the ve- 


AJocities of the deſcribing points; the time, in which 
A/C. neeeives any additional increment, will be to 


che time, in which K M ak N an e- 
u ee N Lede n wn 
— IF 01 . et "I 

N ED 15: adidas to an. in T proportion 
If TroV. — inke variation, by increafe.or 
that ED thall receive to che like va- 


F 2 riation, 
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ration, which QN ſhall receive; while the lines 
Ac, KM are augmented by equal 1 increments, will 


be alſo as T to V. But the time, wherein E D 
will receive that variation, to the time, wherein QN 
will receive its variation, will be as V to T. Con- 


ſequently, ſince the velocities, wherewith different 
lines are deſcribed, are as the lines themſelves di- 


rectly, and as the times of deſcription reciprocally, 
the velocity of the point D to that of the d N 
wi be in Da ane ratio of ＋ to V. | 

Ao I, , the velocity of D being to the velocity 
uf N, when A C and K M are equal, always in the 
| fame e ratio of T to V. And GF being al 
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ways to R 0 as e ce en the point D to the 
velocity of the point N, the variation, by increaſe 
or diminution, of the line G F to the like variation 


of RO, while AC and K M receive equal aug- 


mentation, will alſo be as the velocity of Dis che the 


velocity of N, that is in the duplicate ratio of T to V. 


But the time, in which” the line G F receives its 

variation, will be to the time, in which RO re- 

"OE" its ts variation, * to Aa; the wenne 
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O in tha RED ratio of T to. V. Mag 


"AFTER the Kee manner, the velocity of ith 
point I will appear to have to the velocity of the 


* P the Nee N of JHA ratio DINE. © ro 
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4 that the velocity of the point D is to 
locity of the point N, as the ſecond fluxion of Bev 


to the ſecond fluxion of KM; the velocity of the 


point F to the velocity of the point O, as the 


third fluxion of A C to the third flux ion of K M; 
and the velocity of the point T to the velocity of 
the point P, as the fourth fluxion of Ac to the 


fourth fluxion of KM. And Hence appears the 
truth of Sir Iſaac Newton's obſervation at the end of 
the firſt propoſition of his book: of Quadratures, that 

econd power of a firft 
fluxion, or the product under two firſt fluxions; a 
third fluxjon, and the third power of a xy 


| the product under a firſt and ſecond, and fo 


. $ F 


pears by this + propoſition, that if the 184% 


ew] th any fluent is augmented, be in any pro- 
7 rtion increaſed; its ſecond fluxion will increaſe 
the duplicate of that proportion, the third fluxi- 


on in the triplicate, and the fluxion in the 


quadruplicate of that ſame proportion 3 it is mani- 
feſt, that the terms in any equation, that ſhall, in- 


volve a ſecond fluxion, will preſerve always the 


fame proportion to the terms involving the ſecond 
duct of -rwo firſt 


Or FLUXIONS, 4 
| of the point F wil be to the velocity. 'of the yein 
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8; the terms involving a- third flux) jon NEST 
preſerve the ſame proportion to ad een 


ving the third power of a firſt, or the product ofa 


firſt and ſecond, or the product of three firſt fluxi- 
ons; und the terms containing a fourth fluxion will 
keep the fame proportion to the terms containing 
the fourth power of a firſt, the product of a ſecond 


and the ſecond power of a firſt, the ſecond power 


of a ſecond, or the product of a firſt and third; &c. 
However be increaſed or diminiſhed the firſt fluxion, 
dr che eee bop peed the: 110 ere ws 


kl 


: 0 a eo gs cory 


* 17 


relate. to the degree of curvature in. any point af 


thoſe he wel variation of. ey 
. 


N it FW 9 compare the 
3 of curvature . either of different 
UT, or of th ee curve in different parts, and 
M order 9 a.circle, . be ſought, w I 
8 N of. curvature 4 5 be the hr ow 
of ang Curve Pr ſed, in any t 
be ah 1 * circle . found by 
Help * 0 Tete fluxions. When. che abſcilles FE 
two curves flow With equal velocity; Where the 
ordimates have equal . firſt Auxiqns the tangent; 


| ; ordinates are al- 


tive ordinates. 


ce... 


. g. g. 2 
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deſiected from their tangents, that i is, have equal 
c degrees of curvature, Upon this principle ſuch 


circles, as have here been mentioned , may be W 
by the following method. . 


| TE x curve ABC 50k given, Jo it id 
to find a circle equally incurvated with this curve at 
4 the point B. Suppoſe E F G to be thiscirele, in which 
the tangent F H at the point F makes with the or- 
dinage F I — 11 as the tangent B K, * 


+ ge” -@ 1 TH bh 18 op bt.” — 


f 


 theordinateR L of that curve, Now if the two ab- 
ſeiſſes A L and E are deſcribed with equal veloci - 

ez ties, the firſt fluxion of the ordinates LB and I F will 

* be equal; and therefore, if the two curves are equally: 

L incurvated at the points B and F, the ſecond i 

by ons of theſe. ordinates will be alſo equal, If b- 

ed | _the 


0 at Roth ant 


OE, $7 aps ws. % 2 


| che line No. then will NP be "ua 


"I r 
8 — 


: > 


” we ü 


"ps 6 circle EFG, and ME be deno: 


ted by 4 and M1 by x, IF ME = Va - 
and, by the rules for finding fluxions, the firſt 


fluxion of IF will be to the fluxion of M I, or 8 


i eee ee OUR 52173 2 


No ow „ pot che line NOto * fo deſcribed, 


en the fluxion of MI, or of x, ſhall be to the 


firſt flux ion of IF, as ſome given line eto NP in 


ex 


42a 


Sende likewiſe the line QR to be ſo deſcribed, 


that the fluxion of AL in the curve ABC ſhall be 


to the firſt fluxion of LB, as the ſame given line e 
to Qs in the line QR. Here the firſt fluxions 


of I Fand LB being equal, NP and Qs are equal. 


And ſince the reer fluxions of IF and LB are 


_ equal, the fluxions of NP and Qs are alſo equal. 


en 


Bur N P Was = De, and by the rules for 


x V aa—xx 


findioe g fluxions, the fluxion of NP will be to the 


fluxion of MI as eaa to 44 U » that is, as 


ex EM to IPc.. Therefore in the curve ABC 
the fluxjon of Qs to the fluxion of AL will be in 


the ſame proportion af ex EM to IFc. Hence 


by finding firſt QS, then its fluxion, from the e- 


quation expreſſing the nature of the curve ABC, the 


pröportion of iE M to IF will be given. Con- 
ſequently the proportion of e to IF will be alſo 
given, becauſe the ratio of EM to IP; is the 


ſame with the given ratio of H Pay to HI, or of 


Kyo! e i 1 the circle EFG * 4 
bd 21 ups ts; 10-912: 


3 
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Or FLUXIONS a4r 
be given, whoſe curvature is equal to the curyature 
of the curve ABC at the point B. 


SuPPosE the curve ABC to be the conical pa- 


rabola, where A Lg ſhall be equal toy} x LB, be- 


ing the latus rectum of the axis. Here e will be to 


QSasyto2 AL ; for that is the ratio of the fluxi- 
on of AL to the fluxion of BL: thereforeQS is 


= _ AL, and conſequently the fluxion of aS 
to the fluxion of AL (that is ex EM to IF) 


as 26 to 7, or as 2exEMg to yx EM; in 
ſo much that IF c is = 4 yx E Mg, and the given 
ratio of IF to EM (namely the ratio of K Lg, 


to K By) is the ſame wich the ratio of 4 y to IE; 


chat is, I F is equal to half che latus rectum apper-. 
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_ taining to the diameter of the parabola, whoſe ver- 
tex 1s the er B. 


THIS i is all we think neceſſary towards giving 
a juſt and clear idea of the nature of fluxions, 
and for proving the certainty of the deductions 
made from them. For it muſt now be manifeſt to 


every reader, that mathematical quantities become 


the proper object of this doctrine of fluxions, when- 
ever they are ſuppoſed to increaſe by any continued 
motion of prolongation, dilatation, expanſion or 
other kind of augmentation, provided ſuch augmen- 
tation be directed by ſome general rule. whence 


the meaſure of the increaſe of theſe quantities may 


from time to time be eſtimated. And when different 
homogeneous magnitudes increaſe after this manner 
together, one may vary faſter than another. Now 
the velocity of increaſe in each quantity, is the 
fluxion of that quantity. This is the true inter- 
pretation of Sir Iſaac Newton's appellation of fluxi- 
ons, Incrementorum velocitates. For this doctrine 
does not ſuppoſe the fluents themſelves to have 
any motion. Fluxions are not the velocities, with 
which the fluents, or even the increments, which 
thoſe fluents receive, are themſelves moved; but 
the degrees of velocity, wherewith thoſe increments 
are generated. Subjects incapable of local motion, 


ſuch as fluxions themſelves; may alſo have their 


fluxions. In this we do not aſcribe to theſe fluxi- 
ons any actual motion; for to aſcribe motion, or 
velocity to what is itſelf only a. velogity „ would 


be wholly unintelligible. The fluxion of another 


fluxion | is only a variation i in n che velocity, which is 
N. Bi 2 that 


hats. PI — wo AY 2 on 


Or FLUXIONS, <= 
that fluxion. In ſhort, light, heat, ſound, the mo- 
tion of bodies, the power of gravity, and whatever 
elſe is capable of variation, and of having that va- 
riation aſſigned, for this reaſon comes under the 
preſent doctrine; nothing more being underſtood 
by the fluxion of any ſubject, than the degree of 
ſuch its variation. © 80 


＋ O 485 the ne of variation or ine 


in different homogeneous quantities, it is neceſſar 
to compare the degrees of augmentation, which thoſe 


quantities receive in equal portions of time; and in 
this doctrine of flux ions no farther uſe is made of 
ſuch increments: for the application of this doctrine 


to geometrical problems depends upon the know. 
ledge of theſe velocities only. But the conſidera- 
tion of the increments themſelves may be made 


ſubſervient to the like uſes upon other principles; 


the explanation of which leads us to * n _ 
'of our deſign. | 


"Inn 62 OF 


H EI primary. er oe comparing becher 
the magnitudes of rectilinear ſpaces is by lay- 


ing them one upon another: thus all the right lined 


ſpaces, which in the firſt book of Euclide are pro- 


ved to be equal, are the ſum or difference of ſuch 
ſpaces, as would cover one another. This method 
cannot be applied in comparing curvilinear ſpaces 


with rectilinear ones; becauſe no part whatever of 
a curve line can be laid upon a ſtreight line, ſo as 
wholly to coincide with it. For this purpoſe there- 
fore the ancient geometers made uſe of a method 


of reaſoning, ſince commonly called the method of 


exhauſtions; which conſiſts. in deſcribing upon the 
curvilinear ſpace a rectilinear one, which though not 
equal to the other, yet might differ leſs from it 
than by any the moſt minute difference whatever, 
that ſhould be propoſed; and thereby proving, the 
two ſpaces, they would cor pare, c could be neither 


* nor leſs than each von” 


* * 
82 
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For example, in order to prove the equality be- 
tween the ſpace comprehended within the circum- 
ference of a circle, and a triangle, whoſe baſe ſhould 
be equal to the circumference of that circle, and 
its altitude to the ſemidiameter, Archimedes takesthis 


method. About the circle he deſcribes a polygon 
as ABC, and makes it appear, that by multiplying 


the ſides of this polygon, there may at length be 


— 
* 
n K . 
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deſcribed ſuch an one, as ſhall exceed the circle leſs 


than by any difference, that ſhall be propoſed, how 
minute ſoever that difference be. By this means it 
was eaſy to prove, that the triangle DEF, whoſe 


baſe, EF ſhould be equal to the circumference of 
the circle, and altitude E equal to the ſemidia- 
meter, is not greater than the circle. For were it 


* 


Woe oy {mall ſoever be the exceſs, it were poſ- 
ible to deſcribe about the circle a polygon leſs than 


the triangle; but the circumference of the polygon 
is greater than the circumference of the circle, there- 
fore the polygon can never, be leſs, but mult be 
"always greater than the triangle; for the polygon 
bc. 


har proceſs of reaſoning, that it is impoſſible for the 


46 Or Pain and ULTIMATE 


is 3 to a triangle, whoſe altitude is the ſemidiame- 
ter of the circle, and baſe equal to the circumference 
of the polygon. It appears therefore impoſſible for 
the e DEF to be greater than the circle. 


Tuus far Archimedes makes uſe + the polygon 
circumſeribing, the circle and no farther: but inſcri- 


| jo er within the circle he proves, by a ſimi- 


KH 


Ix 
4 at 


triangle to be leſs than the circle; whereby at 


length it becomes certain, that the triangle DEF 
is me” greater nor leſs than the ae) but equal 
tof W 5 


7 


WS 


n n, the Geng my We owed not to 
be tefs than the circle by the circumſcribed polygon 
-alſo. For were it leſs, another triangle DEG, 


"Wha baſe EQ in eater chan EP! mn be - 


ken, which ſhould not be greater than the circle. 


But a polygon « can be circumſcribed about the cir- 


cle, the circutnference of which ſhall exceed the 
OS of WE. circle B leſs than: 17 line, chu 
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can be named, conſequently by leſs than F G, that 
is, the circumference of the polygon ſhall be leſs than 
E G, and the polygon leſs than the triangle DEG; 
therefore it is impoſſible, that this triangle ſhould 
not exceed the circle, ſince it is greater than the 


polygon: conſequently the een D EF cannot 
be leſs than the circle, 


T H US. the circle and triangle may be proved 


to be equal by comparing them with one polygon 
only, and Sir Iſaac Newton has inſtituted upon 
this principle a briefer method of conception and 
expreſſion for demonſtrating this ſort of propoſitions, 
than what was uſed by the ancieats; and his ideas 
are equally d iſtinct, and adequate to the ſubject, 
with theirs, though more complex. It became the 
firſt writers to chooſe the moſt ſimple form of 
expreſſion, and the leaſt compounded ideas poſſible. 
But Sir Iſaac Newton thought, he ſhould oblige 


the mathematicians by uſing brevity, provided he 


introduced no modes of conception difficult to be 


comprehended by thoſe, who are not unſkilled in 


che ancient methods of writing. 


THE conciſe form, into which Sir Iſaac New. 
ton has caſt his demonſtrations, may very poſſibly 


create a difficulty of apprehenſion in the minds of 


ſome unexerciſed in theſe ſubjects. But otherwiſe 
his method of demonſtrating by the prime and 
ultimate ratios of varying magnitudes 1s not only 
_ juſt, and free from any defect in itſelf ; but eaſily 
to be comprehended, at leaſt by thoſe who have 


made theſe ſubjects familiar to them by reading the 
ancients, 


IN 
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IN this method any fix'd quantity, which ſome 
varying quantity, by a continual augmentation 
or diminution, ſhall prepetually approach, but ne- 
ver paſs, is conſidered as the quantity, to which 
the varying quantity will at laſt or ultimately be- 
come equal; provided the varying quantity can be 
made in its approach to the other to differ from 
it by leſs than by any quantity Now minute ſoever, 
| Ute can be aſſigned 


1 PON this W the equality bs the 
800 circle and triangle DEF is at once 
deducible. For ſince the polygon circumſcribing 
the circle approaches to each according to all the 
conditions above ſet down, this polygon is to be 
conſidered as ultimately becoming equal to both, 
and conſequently _ muſt be eſteemed equal to 
each Scher... 


[Tra r this i is a juſt bci is moſt evident. 


For if. either of theſe magnitudes be ſuppoſed leſs 


than the other, this polygon could not approach 
to the leaſt within ſome aſſignable diſtance, 


"RATIOS alſo may fo vary, as to be confined 
after the ſame manner to ſome determined limit, 
and ſuch limit of any ratio is here conſidered as that, 
with As the W r ratio o will born ge coin- 

wide” 3; 


Fine. Philoſ, Lib, I Lem. 3 6 . 
FROM 
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From any ratio's having ſuch a limit, it does 
not follow, that the variable quantities exhibiting 
dhat ratio have any final magnitude, or even limit, 
Which they cannot paſs, eee en 
Fo x ſuppoſe two magnitudes, B and BA A, 
| whoſe difference ſhall be A, are each of them per- 
petually increaſing by equal degrees. It is evident, 
that if A remains unchanged, the proportion of 
BA A to B is a proportion, that tends nearer and 
nearer to the proportion of equality, as B becomes 
larger; it is alſo evident, that the proportion off 
B ＋ A to B may, by taking B of a ſufficient mag- 
nitude, be brought at laſt nearer to the proportion 
of equality, than to any other aſſignable propor- 
tionz and conſequently the ratio of equality is to be 
conſidered as the ultimate fatio of B+ A to B. 
The ultimate proportion then of theſe quantities is 
here aſſigned, though the quantities themſelves 
Have no final magnitude. hs 2 | 


Tus fame holds true in decreaſing quantities, 


Tu x quadrilateral AB C bears to the quadri- 
lateral E B CF the proportion of AB+DC to 
BE + CF, provided the two lines A Eand DF are 

parallel. Now if the line D F be drawn nearer to 

AE, this proportion of AB ＋ DC to BE CF 
will not remain the ſame, unleſs the lines DA, 

CB, FE produced will meet in the ſame point; 

and this proportion, by diminiſhing the diſtance be- 


& Or PathrandUrtiMartt 
tween DF and AE may at laſt be brought neater 


to the proportion of AB, We Ne D- 
to B E, than to any e 8 1 5 8 271 — | 
whatever, Therefore the . 


proportion of AB to BE 
is to be conſidered as the 8 
ultimate proportion of e 
ne to BE, CF, B—.__ 
or as the ultimate pro- 1 


ortion of the nee AB 'S D to the quadris 
ateral EE F. 5 


Hs RE theſe quadrilaterals « can never bear one. 
to the other the proportion between A B and BE, 
nor have either of them any final magnitude, or 
even ſo much as a limit, but by the diminution of 
the diſtance between DF and AE they diminiſh. 
continually without end: and the proportion be- 
tween AB and BE is for this reaſon. called the 
ultimate Proportion of the two quadrilaterals, be- 
cauſe it is the proportion, which thoſe quadrila- 


terals can never actually have to each other, but 
the limit of that proportion. C 


Tus quadrilaterals may be continually dimini- 
ſhed, either by dividing BC in any known propor- 
tion in & drawing H GT parallel to AE, by di- 
viding again BG in the like manner, and by con- 
tinuing this diviſion without end ; or elſe the line 
D F may be ſuppoſed to advance towards A E. 
with an uninterrupted motion, till the quadrila- 
terals quite diſappear, or vaniſh. And under this 
htter n notion theſe dandrikterals may very proper- | 


RATIOS. 4 


ly be called yaniſhing quantities, ſince they are now 
Seeg, as never having any ſtable magnitude, 
but decreaſing by a continued motion, 'till they come 


to nothing. And ſince the ratio of the quadrila 


teral ABC D to the quadrilateral BEFC, while 

the quadrilaterals diminiſh, approaches to that of 
AB to BE in ſuch manner, that this ratio of AB 

to BE is the neareſt limit, that can be aſſigned to 

the other; it is by no means a forced conception to 

conſider the ratio of AB to BE under the notion 

of the ratio, wherewith the quadrilaterals vaniſh. 

and this ratio may properly be called the ultimate 

ratio of two vaniſhing quantities, 


TAE reader will perceive, I am ee 
to explain Sir Iſaac Newton's expreſſion Ratio ulti- 
ma quantitatum evaneſcentium; and I have ren- 
dered the Latin participle evaneſcens, by the En- 

liſh one vaniſhing, and not by the word evaneſcent, 
which having the form of a noun adjective, does 
not ſo certainly imply that motion, which ought 
here to be kept carefully in mind. The quadri- 
laterale AB CB, BE FC become vaniſhing quan- 
tities from the time, we firſt aſcribe to them this 
-perperual diminution z that is, from that time they 
are quantities going to vaniſh. And as during their 
diminution they have continually different propor- 
"rions to each other; ſo the ratio between AB and 
B E is not to be called merely Ratio harum quan- 
dran e but Un ratio *, | 
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Snob p we ſuppoſe the line DF firſt to com- 
cide with the line A E, and then. recede from it, 
by that means giving birtl 

to the quadrilaterals 3 un- 
der this conception the Fri , 
tio of AB to BE may 7 
very juſtly be bonfid ere | 

as the ratio, wWherewit ggg 
the quadrilaterals by this E . 
motion eommence; and 


this ratio may alſo properly be called the firſt "or 


en ratio of ben e at their 8 55 
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tion of the 1 5 ER Oe are to be called naſ- 
centes, not only at the ery, inſtant. of 1 their firſt, pro- 
duction, but according to the Fab which ſuch 


.Participles, are uſed in common ſpeech, after the 


tame manner, às when we ſay of: a body, which 


tion: on this account we muſt, not uſe the ſimple 


expreſſion Ratio quantitatum naſcentium; for by 


this we ſhal not. ſpecify any particular. ratio; but to 
denote the ratio A A Fang we muſt ab 


it Ratio prima nie naſcen roar * 10 


JET. Noli 


res 
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bas lain at, reſt, that 5 is. beginoing to move, 
though ir may have been lo me. lictle-time in mo- 
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Wr ſee here the ſame ratio may 7G called Tome- 
times the prime, at other times the ultimate ratio 


of the ſame varying quantities, as theſe quantities 
are conſidered either under the notion of vaniſhing, 


or of being produced before the imagination by an 


uninterrupted. motion. The doctrine under exami- 
nation receives its name from both cheſe ways of 
n 
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1 HU: I we Have; given a 82 1724 of u the 
manner of conception, upon which this doctrine is 
built. But as in the former part of this diſcourſe we 
confirmed the doctrine of fluxions by demonſtra- 
tions of the moſt circumſtantial kind; ſo here, to 
remove all diſtruſt concerning the concluſiveneſs of 
this method of reaſoning, we ſhall draw out its 
firſt principles int into a cn diffuſive form, 


FOR this papel 5 we - thall ! in the firft ies 


"define an ultimate magnitude to be the limit, to 


which a varying magnitude can approach within 
any degree of nearneſs whatever, though! it Ls 
EVE be mate. abſolutely « equal. to „ e 


ir 
4 X 


_ 


op Hu's the circle diſcourſed"of e accord- 
1 to this definition, is to bè called the ultimate 
magnitude of the polygon circumſcribing it; be- 


uſe chis polygon, by increaſing the number of its 
dat des, can be Race to differ from the circle, leſs 


r by any ſpace, chat cag be propoſed how E 
er; 
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erer; and pet the polygon can never become ei: 


he, equal to the circle or leſs. 5 
II like winder" Rite will Je the ultimate 
| magnitude of the polygon inſcribed,” with this dif- 
ference only, that as in the firſt "caſe the vary- 
ing magnitude is ce greater, here it will 
2 38 than the eite magnitude, which i is its 
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Acain the triangle DEF is the 3 mag - 
nitude of the triangle DEG; becauſe the baſe E 3 
being afways e to the Firounifeyen be the pa: 
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gn, will conftantly. 8 in the baſe EF, 


equal to the —— of the circle only, and 
. G may. Du to fan hn EF eka 
"dy any Ae FEW Be 


wi. ; : 
<\ x. I :} 1 1 rn 
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* U on this & nition 1 we may g ground 
1112 ropoſition; Bs, when Wrying inagot- 
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tides fas conſtantly the ſame proportion to each 
dther, their ultimate PE are in cke ſame 
proportion. . | 


LIT A aud B be two Ai magnitudes, 
which keep conſtantly in the ſame proportion to 
each other; and let C be the ultimate magnitude 
of A, and D the ultimate magnitude of B. I BY. 
that C 1s to D in n the ſame en 9 

As A is a varying magnitude continually aps 
proaching to C, but can never become equal to it, 
A may be either always greater or Wo leſs than 
C. In the firſt place ſuppoſe it 
greater. When A is greater than A. B. 
C, in approaching to C it is con- | 
maally Aeminifhed therefore B * | D. 
keeping always in the ſame pro: = 
portion to A, Bin approaching 3 
to its limit D is alſo continually che” 


Now, if potfible, let the ratio of C to D be 
greater than that of A to B, that is, ſuppoſe C to 


have to ſome magnitude E, greater than D, the 


ſame proportion as A has to B. Since C is the ul- 
timate magnitude of A in the ſenſe of the preceed- 
ing definition, A can be made to approach nearer 
to C than by any difference, that can be propoſed, 
but can never become equal to it, or leſs. T There- 
fore, fince C is to E as A to B, B will always ex- 
ceed E; conſequently can never approach to D ſo 
near as by the exceſs of E above D: which is ab- 


| ſurd. For ſince D is * the ultimate mag-/ 


nitude 
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nitude of B, it can be approachec by nearer that 
by any allignable difference, aA m= 


3 * . * N * * 
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A FTER the fame manner, neither can the ratio 


eee . 


Ir the vetyiog magnitude A be leſs than Cit 


follows, i in lian manner, that neither. the ratio of C 


to D can be leſs than that of A to B, nor the ratio 
1 1 to C leſs chan that of B to A. 


| 11 T os an e — from this propoſition, 
that the ultimate magnitudes, of the ſame or equal 


e e are . 


N ow from af tc the cee 
equality between the circle and triangle DEF will 
again readily appear. For the circle being the ul- 
timate magnitude of the polygon, and the triangle 


DEF the ultimate magnitude of the triangle 


DE; ſince the polygon and the triangle DEG 


are equal, by this propoſition the circle and triangle 
DE F will be alſo equal. | 


Ir the preceeding Nc beg be admitted, as a 


genuine deduction from the definition, upon which 


it is grounded; this demonſtration of the equality 
of the circle and triangle cannot be excepted to. 
For no objection can lie againſt the definition itſelf, 
as no inference is there deduced, but only che ſenſs 
explained of the term defined in 1 it. 85 
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'T HE 1 * . this Pr ry which concerns 


varying ratios, may be put into the ſame forms by 
Win ulm ratios as follows. . 


. F there be two . that are (one or boch) 
continually varying, either by being continually 


augmented, or continually diminiſhed; and if the 


proportion, they bear to each other, does by this 


means perpetualiy vary, but in ſacha manner, that 
it conſtantly approaches nearer and nearer to ſome 


determined proportion, and can alſo be brought at 


laſt in its approach nearer to this determined pro- 


— rtion than to any other, that can be aſſigned, 
t can never paſs it: this determined proportion 
is then called the ultimate proportion, or the ulti- 
mate ratio of thoſe varying quantities. 


— » 


T O this definition of the ſenſe, in whieh' the 
term ultimate ratio, or ultimate proportion is to 
be underſtood, we muſt ſubjoin the following pro- 
pofition: That all the ultimate ratios of the fame 
varying ratio are rg ſame vith cath other, n 


9 1 


Sve rstzſthe bis BFA 0b Sly Gre 
by the variation of one or both of the terms A and 
B. If the ratio of C to P be the ultimate ratio of 
A to B, and the ratio of E to F be likewiſe the 
ultimate ratio of the ſame; I fay, the ratio of C 
e non okre  de 
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Ir poſſible, let the ratio of E to F differ from 
that of C to D. Since the ratio of C to D is the 
ultimate ratio of A to B, the ratio of A to B, in its 
approach to that of C to D, can be brought at laſt 
nearer to it, than to any other whatever. Therefore 
if the ratio of E to F differ from that of C to D, 
the ratio of A to B will either paſs that of E to F, 
or can never approach ſo near to it, as to the ratio 
of C to D: in ſo much that the ratio of E to F 
cannot be the ultimate ratio of A to B, in n the File 
= this dene e 
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iT H E two n ee "Ss foe Sa: roghthes 
with the general propoſitionsannexed to them, com- 
prehend the whole eee of: Gi method, n 
are now ee e eee ene eee 


Ws find in mes writers ſome attempts toward 
ſo much of this method, as depends upon the firſt 
definition. Lucas Valerius in a moſt excellent trea 
tiſe on the Center of gravity of ſolid bodies, has 
given à propoſition nothing different, but in the 
form of the expreſſion, from that we have ſubjoin- 
ed to our firſt definition; from which he demon- 
ſtrates with breyity and elegance his pre f 


. cerning the menſuration and center of. gravity of the 


ſphere, ſpheroid, parabolical and hyperbolical co- 
noids. This author writ before the doctrine of in- 

diviſibles was propoſed. to the world. And ſince, 

Andrew Tacquet, in his treatiſe on the Cylindrical 

and annular ſolids, has made the ſame propoſition, 

2 ſomething expreſſed, the 4. 
0 


* 
1 
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ef his demonſtrations at the ſame time very judi- 


ciouſly expoſing the inconcluſiveneſs of the reaſon- 
ings from indiviſibles. However, the conſideration 


of the limits of varying proportions, when the quan- 


tities expreſſing thoſe proportions have themſelves 
no limits, which renders this method of prime and 
ultimate ratios much more extenſive, we owe in? 

tirely to Sir Iſaac Newton. That this method, as 


thus compleated, is applicable not only to the ſub- 
jects treated by the ancients in the method of ex- 
| hauſtions, but to many others alſo of the greateſt 


importance, appears from our author's immortal 
treatiſe on the Mathematical principles of natural 
Philoſophy. 


HOWEVER, we ſhall farther illuſtrate 
this doctrine inapplying it to the ſame general pro- 
blems as thoſe, whereby the uſe of fluxions | was 
above exenplined. | 


Wx have already given one inſtarice of its uſe in 
determining the dimenſions of curvilinear ſpaces; we 


| ſhall now ſer forth the ſame by a more general ex- 


ample. 


{ 
* 


LET AB c Ws a curve line, its $abſciſſe A D, and 
an ordinate DB. If the parallelogram EF GH, 


formed upon the given line EF under the ſame 
angle, as the ordinates of the curve make with its 
abſciſſe, be in all parts ſo related to the curve, that 
the ultimate ratio of any portion of the abſciſſe 


AD to the correſpondent portion of the line E H, 

ſhall be that of the given line E F- to the ordinate 

of the curve at the us TY of that portion of the 
_ abſciſſe 3 


P . —————ßK—5K5r— 


| 6 Or PRIME and ULTIMATE 
abſciſſe; then will the curvilinear ſpace ADB be 
equal to the parallelogram - . 


Ix the curve let the abſciſſe AD be divided into 
any. number of equal parts AI, IL, LN, ND, 
and let the ordinates I K, LM, NO be drawn, 


and Wo in the parllelogram EG the e | 


Cc 


2 -< „ 2 wy oy . hte by bet 2 OY nt 


lines ro. RS and TV. In the curve complea 
the parallelograms IW, LX, NY, and in the 
3 lelogram PZ e- 
| 9 ram 
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R F equal to LX, and the parallelogram T A e- 
qual to NV: then the whole figure I KWMXO 
1D will be equal to the whole Figure PZ T AH. 
But in the curve, by increaſing the number and di- 
miniſhing the breadth of rheſe parallelograms, the 
figure IR WMXOY®D will approach nearer and 
nearer in magnitude to the curvilinear ſpace ADB; 
in ſo much that their difference may be reduced to 
| leſs than any ſpace, that ſhall be aſſigned ; there- 
fore the curvilinear ſpace ADB is the ultimate 
magnitude of the figure IK WMXOYD. Far- 
ther, ſince the parallelogram E G is in all parts fo 
related to the curve, that the ultimate ratia of every 
portion, as LN, of the abſciſſe AD to RT, the 
correſpondent portion of E H, is the ſame with 
the ratio of EF or RS, to LM; the ultimate 
ratio of the parallelogram LX, or its equal RT, 
to the parallelogram RV, is the ratio of equality. | 
This is alſo true of all che other correſpondent pa- 
rallelograms; therefore, the ultimate ratio of the 
figure P ZT AH to the parallelogram PG is the 
ratio of equality; that is, the figure PZ TA, by 
increaſing the number of its parallelograms, can 
be brought nearer to the parallelogram PG than 
by any difference whatever, that may be propoſed. 
Moreover, by increaſing of the number of ordi- 
nates in the curve, the reſiduary portion AI of 
the abſciſſe can be reduced to leſs than any magni- 
tude, that ſhall be propoſed ; whereby the paral- 
lelogram EQ, correſponding to this portion of 
the abſciſſe, may be alſo reduced to leſs than any 
magnitude, that can be propoſed; and the paral- 
lelogram PG be brought to differ leſs from EG 
chan by any — eb Since — 8 the 
diger 
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figure PZ TA H can be brought nearer to the pa- 
rallelogram PG than by any difference, that can be 
alligned z the Figure PZ 1 A H can be brought alſo 


W 5 


nearer to the parallelogram EG than by any differ- 
ence, that can be aſſigned. Conſequently the pa- 
rallelogram E G is the ultimate magnitude of the 
figure PZ TH. Therefore the figures PZT AH 
and IK W MX OY being equal varying mag- 
nitudes, and the ultimate magnitudes of equa! 
varying magnitudes being equal, the curvilinear 
pace A D is equal to the parallelogram E G. 

| | - . SUPPOSE 


_:,4O04x 
be cqual to the ſpace ADB. 
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SUPPOSE the curve e AB C were a cubical parg- | 


bola convex to the abſciſſe, that is, ſuppoſe O 


a given line, and OZ LMS ALC. If EH be 
HD , then the anne EG will 


2.5 


Alte att 
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4 6 Nee F- conſequentiy R P. "= 


Aer LN+#AEgxLNg +ALxLN +4 LN 
2 EF 
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and ET =; 


Therefore the parallelogram EG 1s here ſo 2 


in all parts to the curve, that LN is to RT as OA EF 
to AL+HALxLN+ALLNg+4LN 
Now it is evident, that the ratio of LN to R T can 
never be ſo great as che ratio of O? EF to AL 


but yet, by diminiſhing LN, the ratio of LN to 


RT may at laſt, be brought nearer to this ratio 
than to any other whatever, that ſhould be propos 
ſed. Conſequently by the preceeding definition of 


what is to be underſtood by an, ultimate ratio, the 
ratio of © 7 * E. F o A L cis the ultimate ratio of 
LN to RT But ALe being =04xEM, 
©4x E F is to AL as EF to LM. Therefore 
the ratio of EF to LM is the ultimate ratio of | 
LN to RT. Conſequently, by the preceding ge- 


neral propoſition, the parallelogram E G is equal 


to the curvilinear ſpace A DB. And this: png 


log egg to + ADB 
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Alx chis tnethed is cquatly ug in des 
mining the ſituation of the tangents. to curve lines, 


Ix the curve ABC, whole abſciſſe is AD, let 
EB be a tangent at the point B. Let BF be the 
ordinate at the ſame Pein B, and G H another o or- 
dinate paral- 8 
lel to it, 1 4 1 OS 36 
which ſhal! 3 
meet the dant: naup glu 
gent in l. 8 
che line BK 
parallel to 4 
the abſciſſe 
Ap, in K. _ 7 ron OY 
Here the ra- ; 
tio of HK, . aißeerence of ee 0 to 31 
can never de the fame with the ratio of BF to FE, 
unleſs by the figure of the curve the 1 chance 
to cut it in ſome point remote from B; this ratio of | 
B F to FE being the fame with that of I K to 
KB. But it is farther evident, that the nearer GH 
is to FB, the ratio of K H to K B will approach 
ſo much the nearer to the ratio of IK to KB; 
and the angle, which the curve BC makes with 
the tangent BY being leſs than any right. lined an- 
gle, it is manifeſt, that G H may be made to ap- 
proach towards FB, till the ratio of H K to KB, 
ſhall at laſt approach nearer to the ratio of I K to 
KB. or of BF to FE, than to any other ratio 
whatever, that ſhall be propoſed; that is, the ra- 
10 of BF to F E is the anne ratio © 
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AT T0 
KB. en if from the properties of the 
curve ABC the ratio of HK to KB be determined, 
and from thence their ultimate ratio aſſigned; this 


ratio thus aſſigned will be the ratio of BF to FE; 
becauſe all the ultimate ratios of the ſame variable 


ratio are che lame with each other. 5 


8 UPP O's E the eurve ABC 5 to be a cubieal 


parabola, be BF is 5 454 af 1 H = 


27 
Ge Here Hk w il be= acer BG: 


therefore HK is to FG, or BK, as 3 AF AG 


FGg to Zg. Conſequently the ratio of HK to BK 

can never be ſo {mall as the ratio of 3AFq to Zz 
but by diminiſhipg BK it may be brought nearer to 

that ratio, than to any other whatever; that is, the 
ratio of 3 AF q/to 2 is the ultimate ratio of H K 
to KB. T herdfore, if BF bear to FE the ratio 

of 3 AF g to 2, the line B E will touch the curve 
in B: and EF will be a tot AF. 755 


* * 
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A FT E R thi fdation of the 7 has been 
thus determined, the magnitude of H I, the part 


of the ordinate. dee between the tangent and 


the curve, will be k KNOWN, For example, i in this 
inſtance ſince BF is to FE, that is IK to FG, a5 


rg 1K will be 4 Lg and - 


HK bring = GS lent iN HI 1 will 
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11.3. JAE. xFGg+FGe , Eg r N g 
N o by his line H 1 may the euryature of curve 
ines? 91127 wh meg "91 15 | 91175 


+ E T the Sac = AB _ — curve CB D 
in the point B; CE being the abſciſſe of the curve, 
and BF the ordmate at B. Take any other point 
G in the curve, and through the points G, B de- 
* el circle Rr, that ſhall} touch the wack AB 
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in B nal. 908 IK = L ry to FB. Here a are 
wo angles formed at the point B with the circle, one 
by the lme B K, the other by the curve; and the pro- 
portion of the fitſt of theſe angles to "the ſecond will 
be different indifferent diſtances of the point & from 
the point B. And by the approach of G to B the 
angle between the circle and curve will be dimini- 
| ſhed, even fo much as at length to bear a leſs pro- 
portion to the angle between the circle and tangent, 
than any, that can be propoſed. That is, by the 
| approach 


RATIOS: e Oo 
1 oft the point G to B the angle between the 
tangent and circle may be brought nearer to the an- 
gle between the tangent and the curve, than by any 
differenee how minute ſoever homogeneous to thoſe 
angles; therefore the magnitude of the circle being 
continually varied by the gradual approach of G to 
B, and the angle between the tangent and circle 
thereby alſo varied; the angle between theitangent 
and curve is the ultimate magnitude of theſe angles. 
That is, the ultimate of theſe circles determines the 
degree of curvature of the curve CBD at the point 
B. But in the circle the rectangle under LK G ig 
equal to the ſquare of BK. And whereas the mag- 
nitude of KL will perpetually vary by the ap- 
proach of the point G towards B; if BM taken in 
FB produced be the ultimate magnitude ar 
the circle deſcribed through M and B to touch the 
tangent AK in B will be the circle, by which the cur- 
vature of the curve CBD i in B is to be nem 


Jar CBD robes cubical | 
rabola as before, where ZqxFB1i Is = CF, then 


FI 
KG will be = 25 „Dl. Hence Lk 


KG Fi- « offer Bar it 


is evident, that in a oy let of the tangent 
AB the ratio of BK yg to Flg is given; therefore 
LK will be reciprocally as 3 CFF, and will 
continually increaſe, as the point G approaches to 
the point B, but can never be ſo great, as to equal 
pra 8 = yet by the near approach of G 


to B, LK may be brought yy to this quantity 
K 2 than 
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than by any. difference, that can be propoſed. 
Therefore, by our former definition of ultimate 


a BK BKg 2 27 
wagnitudes, Fly * "CF isthe ultimate mag- 
nitude of LK. ne if B M be taken 
BKgq 24. 
equal to this F , ITE? the n Geferibod 


through Þ M is . reg. bod 


w E have: now. v gone 3 all, we think need- 
fal for illuſtrating the doctrine af, prime and ulti- 


mate ratios; and by the definitions, we have given of 


ultimate magnitudes and proportions, compared with 
the inſtances, we have ſubjoined, of the application 


of this doctrine to geometrical problems, we hope 
our readers cannot fail of forming ſo diſtin& a con- 


ception of this method of reaſoning, that it ſhall 
appear to them equally geametrical and ſcientific 
with the expo r e demonſtration. | 


£1 


7 Trznezrong we ſhall in the next place pro- 


ceed to conſider the demonſtrations, which Sir Iſaac 
Newton has himſelf given, upon the principles of 
this method, of his precepts for aſſigning Mr fluxi- 
ons s.of flowing quali | 


4 \ #* 
oy 
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Of demonſtrating his Rules for finding | 


FLUXIONS. 


8 IR Ir 3 has 3 his di- 
O rections for computing the fluxions of quan- 
ties in two propoſitions; one in his Introduction to 
his treatiſe on the Quadrature of curves; the other 
is the firſt propoſition of the book itſelf. In the 
firſt he aſſigns the fluxion of a ſimple power, the 
latter i is univerſal wo all ROT whatever. 1 


| FOR determining the fuxion of a ple power 
ſuppoſe the line 


AB to be de BE 2 
noted by x, and R e 
another line | hog c 
CD to be ng „ D N 


noted by x „ or vy conſidering 8 as unite, co 
vill be eat by Fo bling. 7 
| 3 0 


70 Sir IS AAC NewroN's 


svrrosr the points B and D to move in equal 


ſpaces of time into two. other poſitions E and F ; 
then DF will be to BE in the ratio of the velocity, 
wherewith D F would be deſcribed with an uniform 
motion, to the velocity, where with BE will be deſcri- 
bed in the ſame time with an nene motion. But 


if che point de- A 4 r N 
{cr ing the. line " * | 2 | 2 bs I —— 
AB moves uni- | - 
formly ; ; the ve- 2 mn 


locity, where- 
with the line CD is deſcribed, will r not be uniform. 
Therefore the ſpace DF is not deſcribed with a 
uniform velocity; in ſo much that the velocity, 
__ wherewith DF would be uniformly deſcribed, is 

never. the ſame with the velocity -at the point D. 

But by diminiſhing the magnitude of D F, the uni- 


form. velocity, where with DF would be deſcribed, 
may be made to approach at pleaſure to the velo- 


city at the point P. Therefore the velocity at the 
point D is the ultimate magnitude of the velocity, 
wherewith D F would be uniformly deſcribed. 


Conſequently the ratio of the velocity at D to the 


ity at B is the ultimate ratio of the velocity, 
wherewith DF would be uniformly deſcribed, to 


the velocity, wherewith BE is uniformly deſcribed. 


But DF being fo BE as the velocity, wherewith 


DF would be uniformly deſcribed, to that, where- 
with B E, is uniformly deſcribed, the ultimate ratio 


of DF to BE is alſo the ultimate ratio of the firſt 


of theſe velocities to the laſt; becauſe all the ulti. 


mate ratios of the ſame varying ratio are the fa 


with each Scher. Therefore the ratio of the velo- 
70% "7 : | city 
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city at D to the velocity at B, that is, of the fluxi- 
on of CD to the fluxion of A B, is wk ſame with 


the ultimate ratio of DF to BE. ge 


17 now the augment BE be denoted by 0, o, the 


poppy 


h D Fin be denoted uy ae Cres 
| x = 1 7 | 77; 18 
— 2) eee And heie 
it is obvious, that all the terms after the firſt taken 
together may be made leſs than any aſſignable part 
of the firſt. Conſequently the proportion of the 
firſt term # x0 to the whole augment may be 
made to approach within any degree whatever of 
the proportion of equ ality: J and therefore the uh; 
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mate Propartipn of aue 4 8 
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* 2 mg ber 0.6, orof DF wo. 


BE, is vs of a lp to 0, or the e | 
of LE to 1. | — BI 
Aup we ks alopdy | prob - that the proportion 
of the velocity at D to the veloci at Bis the ſame | 
with the ultimate proportion of DF to BE; there- 
fore the velocity at D is to che velocity at B, or E 
Skins ON NE to the fluzion ory ASK to 1 
| K 79.9: 3. : PEAS e en 
0 110% * 
IN the firſt 4 of the greatiſe off Qu | 
Fats rg the author propoſes the relation betwixt 
three varying quantities x, , and 2 to be expreſſed f 
by this equation x + 4,z—b3==0. Suppoſe . 
theſe quantities 0 be. augmentee if contem- 
F 


* 


* 8 
3 


J Ba rancous increments. great © of 8 255 . * us alſo 
Fuppeſe ſome quantity e to be deſcribed at the 
fame time by ſome known velocity, and let that 

| 2 be denoted by m; the velocity, where with 
the augment of x would be nent deſeri bed in 

That time be denoted by 13 the velocity, wherewith 
the augment of y would heat yer pam: deſcribed in 

the ſame time by 55 and city, where- 
with the augment of z e be ene. deſcri- 


bed in the ſame time by 2. Then . an, 5 Mk | 


* 7 
$ „ 0 + 


Sw will expreſs. the costes por neos increments 
of *, % and =.reſpeHtively. Now when * is become 


$ wow 14 XA 


* . 75 Ss s become n nd become 24 


oz Fo 2 
* 164 8 2 2 
= 3 the tene imer equation wilt become e 21+. 3 
J 12085 IC fo * 177 1. 2 65 een Hh 2 ; 
"2x02 xXx o 
ELLE | 
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3227 vcr holy It 27 


. | lo nol 8 
b,'=.0. Hers; 'T 2 1 Wy e 72 9 
bits the relation hepwoen the three Müde Jn 25 
as far as the ſame can be expreſſed by a — equa- 
tion; ſo this ſecond equation, with the aſſiſtance of 
the firſt, will-expreſs the relation between the avg- 
ments of theſes quantities. Hut the firſt of theſe equa. 
: og oe” (hoes 3 whence will 
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15 e 8 0 ma 
EL 2 + = =6 o; which alſo expreſſes the | 
, m mM. 


relation betweeh the ſeveral increments; and bke- 
wiſe if o be a given quantity, this equation will e- 
qually expreſs the relation between the velocities» 
wherewith theſe ſeveral increments are generated 
reſpectively by a uniform motion. And this equa - 


tion being divided by e will be reduced to more 


fimple terms, and yet will equally expreſs the rela- 
tion ng theſe velocities ö. and then the equation Will 
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Now let us ſorm an equation out of the terms of 
this, from which the Foy 0 is abſent. This e 


_ x TY oa — 22 a2 
quation will be —= or. ES N 
=0; and this e multiplied by # becomes: 
3 * — x7 2 π⁹9 z =0. It is evident, that 
this equation does nbt express the relation of the 
forementioned velocities; yet by the diminution of 
o this equation oy come within any degree of 


expreſſing that relation. Therefore, by what has 


been ſo often inculcated, this equation will expreſs 


| the ultimate relation of theſe velocities. But the 
fluxions of the quantities &, y, 2 are the ultimate 
© magnitudes of theſe velocities ; ſo that the ultimate 
relation of theſe velocities is the relation of the 
: Auxions of theſe quantities. - e this laſt 


* 
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equation repreſents the relation of the fluxions of 
rhe — * % Z. 5 


Ir is now 1 we. have dee all dif- 
ficulty from the demonſtrations, which Sir Iſaac 
Newton has himſelf york: of his rules bor finding 
E 5 


Sp x 7 f 8 


IN ms Weg of his Wa we eve e en- 
deavoured at ſuch a deſcription of fluxions, as might 
not fail of giving a diſtinct and clear conception of 
them. We then confirmed the fundamental rules 
for comparing fluxions together by demonſtrations 
of the moſt formal and unexceptionable kind, And 
row having; juſtified Sir Iſaac, Newton's own de- 
monſtrations, we have not only ſhewn, that his: 
doctrine of fluxions is an unerring guide in the ſo- 
lution of geometrical problems, but alſo that he 
himſelf had fully proved the certaitity of this me- 
thod. For accompliſhing this laſt part of our un- 
dertaking it was neceſſary to explain at large ano- 
ther method. of deal eftabliſhed' by him, no 
Eſs worthy conſideration ſince as the firſt inabled 
him to inveſtigate the geometrical problems, where-' 
by he was conduct in thoſe remote ſearches into 


nature, which have been the ſubject of univerſaF N 
admiration, ſo to the latter method is owing the 


furprizing brevity, w | ewith he Has e 
9 e TT 
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Hus me have at length finiſhed * 


1 : whole of our deſign, and ſhall therefore put 
A 7 to this diſcourſe with the explanation of 
che term momentum frequently uſed by Sir Iſaac 


Newton, 2 we have yet ak no 8 to | 


mention it. 4 


A ND in this I ſhall be the more particular, be- 
cauſe Sir. Iſaac Newton s definition of momenta, 


That they are the momentaneous increments or de- 
crements of varying quantities, may poſſibly he 
thought obſcure. ere I ſhall give a fuller 
delineation of them, and ſuch a one, as ſhall agree 
to the general ſenſe of his deſcription, and never 


| fail to make the uſe of this term, in every Penn | 


bos, , n Ki occurs, n to be ane 
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IN — ede been fle 


— differences of quantities, it is often 
previouſly required 'to conſider each of theſe differ- 


ences apart, in ofder te diſcoyer, how much of 
thoſe differences is neceffary for expreſſing that 


ultimate ratio. In this rag Ul Sir Tfaac Newton di- 


| * by the name of momentum, ſo 9 
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of any difference, as conſtitutes the term uſed i in ex- 


Preſting this ultimate ratio. 


rr page 71, Dy BE GTG and pt 
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ing the ratio of *, WW 
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noted by 1%, © abc 5 7 


without the addition of any of the following terms | 
of the ſeries, | conſtitutes the whole of the momen- 


tum of the line C D; but the momentum of AB 
is the ſame a as the whole difference BE, or te 


* 2 mf 


[In like manner. if A and B denote varying 
lt and their contemporaneous i increments 
be repreſented by a and 5; the rectangle under any 


given line M and à is the contemporahebus in- 


crement of the rectangle under M and A, and 


ACcBNA TAN is the like increment of the 
*WQangle under A, B. And here the whole incre- 
ment M repreſerits the momentum of the re- 


angle under M, A; but AKKU BNA only, and 
not the whole increment Ax b + Bxa+axb, is 


Called the momentum of the rectangle under A, B; 


pecauſe . ſo much only of this Jatitt increment is re- 
quired for determining the ultimate ratio of the 
_Incremenk. of Mx A to: the increaſe of AVB, this 


tio being the ſame: with the uin 
Mes” to Ax BX; for the ti 


ate ratio of 
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te ratio of 


Kae to Axb+Bxa+axb is the fatio 
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of analy- Conſequently the ultimate ratio of 
Mx& to Ax BNA differs not from the ule 
Pars ratio of Mxs to ee e 
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1 H E 8 E momenta 9 in to the de, 
crements of quantities, as to their increments, 
and the ultimate ratio of increments, and of de- 
crements at the ſame place is the ſame; therefore 
the momentum of any quantity may be determined, 


4 either by conſidering the increment, or the decre- 


ment of that quantity, or even b confidering both 
'yogtther; And in determining the momentum of 
the rectangle under A and B. Sir Iſaac Newton has 
taken the laſt of theſe methods; becauſe by th 

means the ſuperfluous rectangle i Is Ae Gigs: 
ged from 11 ene 


By 153 3 
Ot 37 


1 E. R © it muſt a n PE the 
only uſe, which ought ever to be made of theſe 


momenta, is to compare them one with another, 
and for no other purpoſe than to determine the 


ultimate or prime proportion between the ſeveral 
increments or decrements, from whence they are 


deduced * Wh Herein: the-me 1'of prime and ulti-. 
mate ratios eſſentially differs from that of indiviſi- 


bles; for in that method theſe momenta are conſi- 2 
| dered bann as parts, whereof their reſpective 


actually compoſed. Bur though” chefe 


momenta have no final magnitude, which would 


be enn to make them parts —_ of N 
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War ratios are as truly aſſignable as the ratios ber 
teen any quantities whatever, , Therefore none 
of the objections made againſt the doctrine of indi- 
- © viſibles are of the leaſt weight againſt this method: 
13 but While we attend carefully to tlie bblervation 
BM pere laid down, we ſhall be as ſecure: againſt error, 
1 : ab the mind will receive as full fatisfaction; as in 
E _ anjahe moltybentrptioanbſe wonenſtrmion of Eu- | 
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